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ABSTRACT:  
Minimum-phase (MP) Finite Impulse Response (FIR) filter generally has all its zeros inside the unit 
circle. The group delay for MP filters is always less than group delay for the non-minimum-phase 
filters. Additionally, they have the minimum energy delay property, i.e. the energy of the MP system is 
delayed the least of all systems having the same magnitude response. In this paper we present design 
of a special class of MP filters, which have zeros, not only inside the unit circle, but also on the unit 
circle. One simple method for design of MP filters for a given specification is proposed. In the first 
step, the FIR linear-phase filter is designed using Remez algorithm for a given specification in which 
the permited deviations in passband and stopband are increased in order to get a lesser order of the 
filter. In the next step all zeros in outside positions are moved to their inverse positions inside the unit 
circle. Finally, the sharpening technique is applied in order to reach the desired filter specification. 
The design is performed in Matlab. The method is illustrated with different examples.   
 
1. INTRODUCTION  
 
Minimum-phase (MP) filters find applications in communications, speech processing, and predictive 
coding, among others [1-3]. Additionally, they have the minimum energy delay property, i.e. the 
energy of the MP system is delayed the least of all systems having the same magnitude response [3]. 
In this paper is presented design of a special class of a (MP) Finite Impulse Response (FIR) filters, 
which have all zeros, not only inside, but also on the unit circle.  
There exist two main approaches for MP filter design: 

 Methods based on the low-pass (LP) FIR prototype filter design [1-2, 4]. 
 Methods based on complex cepstrum [3, 5]. 

Here is considered the method based on LP FIR filter prototype. In the first step, the prototype filter 
is designed, and all its zeros are found. In the second step, all zeros which are outside the unit circle 
are reflected to their reciprocal positions inside the unit circle. This process is called mipizing [6]. 
This process does not change the magnitude response of the filter [3]. In order to make mipizing more 
efficient, it is proposed here to design the prototype filter with the relaxed specification and apply the 

sharpening technique. Sharpening was introduced in [7] to simultaneously improving the pass-band 
and stop-band of the prototype filter, and can be only used for linear-phase filters. In the method 
proposed here, the simplest sharpening polynomial Sh{X}=3X2-2X3, where X is the prototype filter, is 
used. 
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The rest of the paper is organised in the following way. Section 2 describes all steps of the proposed 
design and it is illustrated with examples. All examples are realized in Matlab. Discussion is provided 
in Section 3. Finally, conclusion is presented in Section 4. 
 
2. DESCRIPTION OF PROPOSED METHOD  
 
The goal is design a minimum-phase filter Hm(z) for a given specification, which includes: 

 Pass-band edge frequency in the normalized form ωp. 
 Stop-band edge frequency in the normalized form ωs. 
 Ripple in the pass-band Rp [dB]. 
 Attenuation in the stopband As[dB]. 

All steps of the proposed design, taking ωp=0.2, ωs=0.3, Rp=1 dB, and As=50 dB, are described in the 
continuation. 
  
2.1. Design of prototype linear-phase LP FIR filter  
 
The prototype filter G(z) is designed using well known Remez algorithm in Matlab, taking the same 
values ωp and ωs, as in MP filter specification. However, the pass-band ripple and stop-band 
attenuation are defined as: RpG=a1 Rp and AsG=a2 As, respectively, where a1 and a2 are positive 
constants, a1>1 and a2<1. Those constants are chosen in a way to decrease the order of the filter G(z) 
and complete the condition that the order of the filter is an even number. In this design is taken a1=1.2 
and a2=3/5, resulting in RpG =1.2 dB and As=30 dB.  
The designed filter has an order NG=22.  
Figure 1 shows the impulse response and pole-zero plot for the designed filter.  
 

 
 
                       a. Impulse response                                                      b. Pole-zero plot. 

Figure 1: Prototype filter G(z). 
 

Note that the impulse response has the pont of symmetry ant Ns=12, and that there are two zeros 
outside the unit circle.  
 
2.2. Mipizing  
 
First, zeros of the filter G(z) are obtained using Matlab command roots. The zeros, with the absolute 
values more than 1, are eliminated, and the zeros, with the apsolute values less than 1, are doubled. 
The obtained set of zeros presents zeros of the mipized filter. Next, using the Matlab instruction poly, 
the impulse response of the mipized filter, is obtained.  
Figure 2 shows the impulse response and pole-zero plot of the mipized filter G1(z). 
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                            a. Impulse response.                                           b. Pole-zero plot. 

 
Figure 2: Mipized filter G1(z). 

 
2.3. Sharpening  
 
Sharpening can only be applied to the linear-phase filter [7]. To this end, we consider sharpening 
filter G(z): 

       )()()](23)[()(2)(3)}({)( 2)12/(232 zBzGzGzzGzGzGzGShzG N
sh   ,    (1) 

 
where B(z) is equal to: 
 

                                                
)(23)( )12/( zGzzB N   .                                                            (2) 

 
Figure 3 shows the the impulse respons b(n) and pole–zero plot. 
 

 
                         a. Impulse response.                                               b. Pole-zero plot. 
 

Figure 3: Impulse response and pole-zero-plot of filter B(z). 
 
Note an interesting feature of the positions of zeros in z-plane. There is no zero on the unit circle, and 
each zero, outside the unit circle, has the reciprocal pair inside the unit circle. 
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2.3. Mipizing filter B(z)  
 
The zeros outside the unit circle are eliminated and zeros inside the unit circle are doubled.The 
corresponding mipized filter is denoted as G2(z). Figure 4 shows the impulse response and the pole-
zero plot of he filter G2(z). 
 

 
                          a. Impulse response.                                                   Pole-zero plot. 
 

Figure 4: Mipized filterf  G2(z). 
 
2.4. Final step: Design of desired MP filter H(z)   
 
Using (1) we get transfer function of the MP filter Hm(z), from the sharpened filter Gsh(z), replasing 
the filters G(z) and B(z) with the mipized filter G1(z) and G2(z), respectively. 
 

                                                           
)()()( 2

2
1 zGzGzHm  .                                                           (3) 

 
Magnitude response of the designed filter, along with the passband zoom, is shown in Figure 5. 
 

 
Figure 5: MP filter Hm(z). 

 . 
Figure 6 presents pole-zero-plot of the designed filter and compares the groupdelay in the passband, 
of the designed MP filter with the corresponding linear-phase filter. 
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3. DISCUSSION 
 
Unlike methods in [1-2] the presented method can be applied not only for narrowband, but also for 
wideband MP filter design. Next example presents a wideband MP filter design. 
 

 
                                  a. Impulse response.                                              b. Group delays. 
 

Figure 6:Pole-zero plot and group delay of MP filter Hm(z). 
 
Example 1: The specification for the MP filter is: ωp=0.7, ωs=0.78, Rp=1 dB, and As=60 dB. The 
magnitude response along with the passband zoom, of the designed filter, is shown in Figure 7 a. 
Figure 7 b presents pol-zero plot of the designed filter. 
 

 
                     a. Impulse response.                                                   b. Pole-zero plot. 
 

Figure 7: Designed MP filter in Example 1. 
 
Next example shows that the proposed method can also be used for design of a narrowband MP filter. 
Example 2: The passband and stopband frequencieas are 0.1 and 0.2, while the passband ripple is 
0.15 dB and attenuation 70 dB. Figure 8 presents the designed filter. 
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                      a. Magnitude response.                                                 b. Pole-zero plot. 
 

Figure 8: Designed MP filter in Example 2. 
4. CONCLUSION  
 
This paper presents method for MP filter design for a given specification which includes the pasband. 
and and stop band edge frequencies, passband ripple and stopband attenuation. First, a linear-phase 
filter is designed with the relaxed specifiction in order to get lower filter order. Next, the mipizing 
and sharpening techniques are applied to get the desired MP filter. Proposed method can be used for 
narrowband and wideband MP filter design.  
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